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Abstract
We study C2 weakly order preserving circle maps with a flat interval. In partic-
ular we are interested in the geometry of the mapping near to the singularities at
the boundary of the flat interval. Without any assumption on the rotation number
we show that the geometry is degenerate when the degree of the singularities is less
than or equal to two and becomes bounded when the degree goes to three. As an
example of application, the result is applied to study Cherry flows.
1 Introduction
1.1 Motivation
The principal purpose of this paper is to study the dynamics of a class L of circle maps
of degree one, supposed to be C2 everywhere with the exception of two points where they
are continuous and such that they are constant on one of the two intervals delimited by
these two points. Moreover on a half open neighborhood of these two points the maps
can be written as x` where the real positive number ` is called the critical exponent of
the function.
The study of this kind of map has a long history (see [16], [7], [17], [18], [8], [9], [5],
[10]). One of the reasons for their investigation is connected to the understanding of
particular flows on the two-dimensional torus, called Cherry flows. In fact the first return
map for a Cherry flow is a function belonging to the class L (for more details see [7], [1],
[10], [12]). The first example of such a flow was given by Cherry in 1937 and still a lot of
questions about metric, ergodic and topological properties of Cherry flows remain open.
Moreover, this kind of functions also arise naturally in the theory of circle mappings
themselves as upper or lower maps of degree 1 transformations which are not homeo-
morphisms. A rapid development of the theory of mappings with a flat interval occurred
in the decade between 1985 and 1995 with the introduction of analytic tools based on
cross-ratio distortion. Afterwards, a lull occurred due to a lack of new motivating ques-
tions. This paper is a part of the recent reawakening of interest in this class of mappings,
principally motivated by a deeper understanding of their connections with Cherry flows.
This line of research has also been pursued recently for example in [10] and [13].
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In this paper we are interested in the study of the geometry of functions in L near to
the boundary points of the flat interval. Without any assumption on the rotation number
we discover a change of the geometry depending on the degree of the singularities at the
boundary points of the flat interval. Expressly, we show that the geometry is bounded
when the critical exponents of our maps become greater than 3.
This result makes a contribution to the theory of circle maps with a flat interval and
it is particularly interesting because it opens the way towards understanding metric and
ergodic properties of Cherry flows.
Before we can explain our results more precisely, it is necessary to define our class
and fix some notation.
1.2 Assumptions and Notations
Hypotheses.
1. We consider continuous circle endomorphisms f of degree one, at least twice con-
tinuously differentiable except for two points (endpoints of the flat interval).
2. The first derivative of f is everywhere positive except for the closure of an open
non-degenerate interval U (the flat interval) on which it is equal to zero.
3. Let (a, b) be a preimage of U under the natural projection of the real line on S1.
On some right-sided neighborhood of b, f can be represented as
hr
(
(x− b)`
)
,
where hr is a C
2-diffeomorphism on an open neighborhood of b. Analogously, there
exists a C2-diffeomorphism on a left-sided neighborhood of a such that f is of the
form
hl
(
(a− x)`
)
.
The real positive number ` is called the critical exponent of f .
In the future we will assume that hr(x) = hl(x) = x. It is in fact possible to make
C2 coordinate changes near a and b that will allow us to replace both hr and hl with the
identity function.
The class of such maps will be denoted by L .
Basic Notations. We will introduce a simplified notation for backward and forward
images of the flat interval U . Instead of f i(U) we will simply write i; for example, 0 = U .
Thus, for us, underlined positive integers represent points, and underlined non-positive
integers represent intervals.
Distance between Points. We denote by (a, b) = (b, a) the shortest open interval
between a and b regardless of the order of these two points. The length of that interval
in the natural metric on the circle will be denoted by |a− b|. Following [5], let us adopt
these notational conventions:
• |−i| stands for the length of the interval −i.
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• Consider a point x and an interval −i not containing it. Then the distance from
x to the closer endpoint of −i will be denoted by |(x,−i)|, and the distance to the
more distant endpoint by |(x,−i]|.
• We define the distance between the endpoints of two intervals −i and −j analo-
gously. For example, |(−i,−j)| denotes the distance between the closest endpoints
of these two intervals while |[−i,−j)| stands for |−i|+ |(−i,−j)|.
Rotation Number. As the maps we consider are continuous and weakly order pre-
serving, they have a rotation number; this number is the quantity which measures the
rate at which an orbit winds around the circle. More precisely, if f is a map in L and F
is a lifting of f to the real line, the rotation number of f is the limit
ρ(f) = lim
n→∞
F n(x)
n
(mod 1).
This limit exists for every x and its value is independent of x. Because the dynamics
is more interesting, in the discussion that follows and for the rest of this paper we will
assume that the rotation number is irrational. Also, it will often be convenient to identify
f with a lift F and subsets of S1 with the corresponding subsets of R.
Combinatorics. Let f ∈ L and let ρ(f) be the rotation number of f . Then, ρ(f) can
be written as an infinite continued fraction
ρ(f) =
1
a1 +
1
a2+
1
···
,
where ai are positive integers.
If we cut off the portion of the continued fraction beyond the n-th position, and write
the resulting fraction in lowest terms as pn
qn
then the numbers qn for n ≥ 1 satisfy the
recurrence relation
qn+1 = an+1qn + qn−1; q0 = 1; q1 = a1. (1.1)
The number qn is the number of times we have to iterate the rotation by ρ(f) in order
that the orbit of any point makes its closest return so far to the point itself (see Chapter
I, Sect. I in [3]).
1.3 Discussion and Statement of the Results
As stressed before, in this paper we are interested in the study of the geometry of functions
in L near to the boundary points of the flat interval. This quantity is measured by the
sequence of scalings
τn :=
|(0, qn)|
|(0, qn−2)| .
When τn → 0 we say that the geometry of the mapping is ‘degenerate’. When τn is
bounded away from zero we say that the geometry is ‘bounded’.
The same problem was analyzed in [5] for functions in L with rotation number
of bounded type (supi ai < ∞) and with negative Schwarzian derivative1. This last
1The Schwarzian derivative of a function f is defined to be Sf(x) := f
′′′
(x)
f ′ (x)
− 32
(
f
′′
(x)
f ′ (x)
)2
.
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assumption was then removed in [10]. In these papers, it is proved that the geometry is
degenerate when the critical exponent is less than or equal to 2 and becomes bounded
when the critical exponent passes 2. So, a phase transition occurs in the dynamics of the
system depending on the degree of the singularities at the boundary points of the flat
interval.
This result suggests to us the natural problem of investigating the unbounded regime.
In this case it becomes more delicate to make conjectures; surprises often occur due to
the presence of underlying parabolic phenomena. The main result we have obtained is
the following:
Theorem 1.2. Let f be a function of the class L with critical exponent ` > 1:
1. If ` ≤ 2, then the sequence (τn)n∈N tends to zero at least exponentially fast.
2. If ` ≥ 3, the sequence (τn)n∈N is bounded away from zero.
Without any assumption on the rotation number we prove that the geometry near to
the boundary points of the flat interval is degenerate when the critical exponent is less
than or equal to 2 and becomes bounded when the critical exponent goes to 3. It remains
unknown what happens between 2 and 3.
The difficulty of the problem comes from the presence of parabolic phenomena that
generate accumulation of constants which is not always easy to control. In fact the main
idea of the proof is to find a recursive formula for the sequence τn and to study its
convergence. The accumulation of constants appear basically everywhere: both in the
recurrence as well as in the study of the convergence. This fact leads us to suspect that
the problem could be real, not only technical.
Moreover this result remains the first one to be valid for functions with any rotation
number. It opens further questions and potentially has many interesting and significant
applications.
We illustrate it on an example of studies of the quasi-minimal set2 of a Cherry flow.
We recall that Cherry flows are C∞ flows on the 2-dimension torus with one hyperbolic
saddle and sink. They were construct in 1938 by Cherry in [2] and they were the first
example of C∞ flows on the torus with a non-trivial quasi-minimal set.
Using Theorem 1.2 and following the strategies in [10], we are now able to generalize
Theorem 1.6 in [10] and give an example of Cherry flow with a metrically non-trivial
quasi-minimal set in the general case of unbounded regime 3. More precisely:
Theorem 1.3. Let X be a Cherry flow with λ1 > 0 > λ2 being the eigenvalues of the
saddle point. If |λ2| ≥ 3λ1 then the quasi-minimal set of X has Hausdorff dimension
strictly greater than 1.
Another application of Theorem 1.2 concerns the study of the physical measures
for Cherry flows. These are probability measures with basin of attraction of positive
Lebesgue measure and they are of a particular interest as they describe the statistical
properties of a large set of orbits. Such a study were initiated in [13]. While the non-
positive divergence case was resolved, the positive divergence one still lacked the complete
description. Some conjectures were put forward. Theorem 1.2 gives an answer to this
conjectures by providing a description of the physical measures for Cherry flows in the
positive divergence case. The details are contained in [11].
2The closure of any recurrent trajectories is called a quasi-minimal set
3Any Cherry flow has a well defined rotation number ρ ∈ [0, 1) equal to the rotation number of its
first return map to any global Poincare´ section.
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2 Technical Tools
2.1 Distortion Techniques
The main ingredient in the proof of the principal result of this paper is the control of the
distortion of iterates of maps in L . We will use two different cross-ratios, Cr and Poin.
Definition 2.1. If a < b < c < d are four points on the circle, then we can define their
cross-ratio Cr by:
Cr(a, b, c, d) :=
|b− a||d− c|
|c− a||d− b| ,
and their cross-ratio Poin by:
Poin(a, b, c, d) :=
|d− a||b− c|
|c− a||d− b| .
Now we analyze the distortion of these two kinds of cross-ratios.
Diffeomorphisms with negative Schwarzian derivative increase cross-ratio Poin:
Poin (f(a), f(b), f(c), f(d)) > Poin (a, b, c, d) .
In general, without the assumption of negative Schwarzian, the following holds:
Theorem 2.2. Let f be a C2 map with no flat critical points. There exists a bounded
increasing function σ : [0,∞)→ R+ with σ(t)→ 0 as t→ 0 with the following property.
Let [b, c] ⊂ [a, d] be intervals such that fn|[a,d] is a diffeomorphism. Then
Poin (fn(a), fn(b), fn(c), fn(d)) ≥ exp{−σ(τ)
n−1∑
i=0
|f i([a, b))|}Poin (a, b, c, d) ,
where τ = maxi=0,...,n−1 |f i((c, d])|.
The proof of Theorem 2.2 can be found in [15].
Here, we formulate the result which enables us to control the growth of the iterates of
cross-ratios Cr even if the map is no longer a homeomorphism with negative Schwarzian
or is not invertible.
The reader can refer to [14] for the general case and to [4] for our situation.
Consider a chain of quadruples
n⋃
i=0
{(ai, bi, ci, di)}
such that each is mapped onto the next by the map f . If the following conditions hold:
• There exists un integer k ∈ N, such that each point of the circle belongs to at most
k of the intervals (ai, di).
• The intervals (bi, ci) do not intersect 0.
Then, there exists a constant K > 0, independent of the set of quadruples, such that:
log
Cr(an, bn, cn, dn)
Cr(a0, b0, c0, d0)
≤ K
In order to control the distortion of the iterates of our maps we will also frequently
use the following proposition which is a corollary of the Koebe principle in [6].
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Proposition 1. Let f be a function in L and let J ⊂ T be two intervals of the circle.
Suppose that, for some n ∈ N
- fn is a diffeomorphism on T ,
-
∑n−1
i=0 |f i(J)| is bounded,
- |fn (J)| ≤ Kdist (fn (J) , ∂fn (T )) with K a positive constant.
Then, there exists a constant C such that, for every two intervals A and B in J
|fn (A)|
|fn (B)| ≥ C
|A|
|B| .
2.2 Continued Fractions and Partitions
Let f ∈ L . Since f is order-preserving and has no periodic points, there exists an order-
preserving and continuous map h : S1 → S1 such that h ◦ f = Rρ ◦ h, where ρ is the
rotation number of f and Rρ is the rotation by ρ. In particular, the order of points in an
orbit of f is the same as the order of points in an orbit of Rρ. Therefore, results about
Rρ can be translated into results about f , via the semiconjugacy h.
We can build the so called dynamical partitions Pn of S1 to study the geometric
properties of f , see [4]. The partition Pn is generated by the first qn + qn+1 preimages
of U and consists of
In := {−i : 0 ≤ i ≤ qn+1 + qn − 1} ,
together with the gaps between these intervals.
There are two kinds of gaps:
• The ‘long’ gaps are of the form
Ini := f
−i(In0 ), i = 0, 1, . . . , qn+1 − 1
where In0 is the interval between −qn and 0 for n even or the interval between 0 and
−qn for n odd.
• The ‘short’ gaps are of the form
In+1i := f
−i(In+10 ), i = 0, 1, . . . , qn − 1
where In+10 is the interval between 0 and −qn+1 for n even or the interval between
−qn+1 and 0 for n odd.
We will briefly explain the structure of the partitions. Take two consecutive dynamical
partitions of order n and n + 1. The latter is clearly a refinement of the former. All
‘short’ gaps of Pn become ‘long’ gaps of Pn+1 while all ‘long’ gaps of Pn split into an+2
preimages of U and an+2 ‘long’ gaps and one ‘short’ gap of the next partition Pn+1:
Ini =
an+2⋃
j=1
f−i−qn−jqn+1(U) ∪
an+2−1⋃
j=0
In+1i+qn+jqn+1 ∪ In+2i . (2.3)
Several of the proofs in the following will depend strongly on the relative positions of
the points and intervals of Pn. In reading the proofs the reader is advised to keep the
Figure 1 in mind, which show some of these objects near the flat interval 0.
We state a standard fact and few results from [5] which will be used frequently in the
paper.
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Figure 1: Structure of the dynamical partition Pn−1 for n even and an > 1.
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Several of the proofs in the following will depend strongly on the relative positions of
the points and intervals of Pn. In reading the proofs the reader is advised to keep the
Figure 1 in mind, which show some of these objects near the flat interval 0.
We state a standard fact and few results from [GJS´+95] which will be used frequently
in the paper.
Fact 2.4. Let f ∈ L and let x, y, z be three points of the circle with y between x and z
such that, of the three, the point x is closest to the flat interval. If f is a diffeomorphism
on (x, z), the following inequality holds:
|f(z)− f(y)|
|f(z)− f(x)| ≤ K
|z − y|
|z − x| ,
where K is a positive uniform constant.
Proposition 2. There exists a constant C > 0, such that for all n ∈ N and m ∈ N, if
J = f−m(U) is a preimage of the flat interval U which belongs to the dynamical partition
Pn and I is one of the two gaps adjacent to J , then:
|J |
|I| ≥ C
7
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Fact 2.4. Let f ∈ L and let x, y, z be three points of the circle with y between x and z
such that, of the three, the point x is closest to the flat interval. If f is a diffeomorphism
on (x, z), the following inequality holds:
|f(z)− f(y)|
|f(z)− f(x)| ≤ K
|z − y|
|z − x| ,
where K is a positive uniform constant.
Proposition 2. There exists a constant C > 0, such that for all n ∈ N and m ∈ N, if
J = f−m(U) is a preimage of the flat interval U which belongs to the dynamical partition
Pn and I is one of the two gaps adjacent to J , then:
|J |
|I| ≥ C
Coroll ry 2.5. The leng hs of gaps of the dynamical partition Pn tend to zero at leas
exponentially fast when n→∞.
The proofs of Proposition 2 and Corollary 2.5 can be found in [5], pag. 606-607.
Standing assumptio . In the f llowing we will always work with functions inL which
have critical exponent ` > 1 and irrational rotation number.
3 Proof of Theorem 1.2
The first claim of Theor m 1.2 is proved in [10] under the addi ional assumption that the
rotation number is of bounded type. For he general case, the details are provided in the
Appendix. We proceed now with the proof of the second claim of Theorem 1.2.
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3.1 Some Technical Lemmas
We present some technical lemmas which we need for the proof of the main theorem.
Standing assumption. Because of the symmetry of the functions in L we always
assume that n ∈ N is even. The case n ∈ N odd is completely analogous.
Lemma 3.1. There exists a constant K > 0, such that the fraction
|(2qn+1, qn+1)|
|(2qn+1, 0)| > K > 0.
Proof. See Lemma 1.2 in [5].
Lemma 3.2. There exists a constant K > 0, such that for n large enough the fraction
|−qn − qn+1|
|[−qn − qn+1, 0)| > K > 0.
Proof. The reader can keep in mind Figure 2.
By Fact 2.4 there exists a constant K1 > 0 such that
|−qn − qn+1|
|[−qn − qn+1, 0)| ≥ K1
|−qn − qn+1 + 1|
|[−qn − qn+1 + 1, 1)| ≥
≥ K1
|−qn − qn+1 + 1|
|[−qn − qn+1 + 1,−qn+1 + 1)|
|−qn+1 + 1|
|(−qn − qn+1 + 1,−qn+1 + 1]| .
We apply f qn+1−1. By the properties of distortion of cross-ratio Cr, there exists a
positive constant K2 such that:
|−qn − qn+1|
|[−qn − qn+1, 0)| ≥ K1K2
|−qn|
|[−qn, 0)|
|0|
|(−qn, 0]| ≥ K1K2
|−qn|
|[−qn, 0)| . (3.3)
For n large enough we can discard the intervals containing 0 and using Proposition 2
the proof is complete.
Lemma 3.4. There exists a constant K > 0 such that, for n large enough,
|−qn−1 − qn + 1|
|(−qn + 1, 1)| ≥ K.
Proof. The reader can keep in mind Figure 3.
We have:
|−qn−1 − qn + 1|
|(−qn + 1, 1)| ≥
|−qn−1 − qn + 1|
|(−qn + 1,−qn−1 − qn + 1]| (3.5)
≥ |−qn + 1||[−qn + 1,−qn−1 − qn + 1)|
|−qn−1 − qn + 1|
|(−qn + 1,−qn−1 − qn + 1]| .
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−qn −qn − qn+1
. . .
−qn+2 0 −qn+1
Figure 2:
−qn + 1
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−qn+1 + 1
. . .
−qn−1 − qn + 1 −qn−1 + 1
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Lemma 3.4. There exists a constant K > 0 such that, for n large enough,
|−qn−1 − qn + 1|
|(−qn + 1, 1)| ≥ K.
Proof. The reader can keep in mind Figure 3.
We have:
|−qn−1 − qn + 1|
|(−qn + 1, 1)| ≥
|−qn−1 − qn + 1|
|(−qn + 1,−qn−1 − qn + 1]| (3.5)
≥ |−qn + 1||[−qn + 1,−qn−1 − qn + 1)|
|−qn−1 − qn + 1|
|(−qn + 1,−qn−1 − qn + 1]| .
After (qn − 1) iterates, by the distortion properties of cross-ratio Cr, there exists a
constant K1 > 0 such that:
|−qn−1 − qn + 1|
|(−qn + 1, 1)| ≥ K1
|0|
|[0,−qn−1)|
|−qn−1|
|(0,−qn−1]|
which, for n large enough, is bounded below by a positive constant (Proposition 2).
For all n and for all i ∈ {0, . . . , an+2 − 1} we define (see Figure 4) :
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Figure 3:
For all n and for all i ∈ {0, . . . , an+2 − } we define (see Figure 4):
βn(i) =
|(−qn − (an+2 − i)qn+1, 0)|
|[−qn − (an+2 − i)qn+1, 0)|
and
γn(i) =
|[−qn − (an+2 − i)qn+1, 0)|
|(−qn − (an+2 − (i+ 1))qn+1, 0)|
and we prove the following lemma:
Lemma 3.6. There exists a constant K > 0, such that for all i ∈ {1, . . . , an+2 − 2}, we
have:
(βn(i))
` ≥ Kβn(i+ 1).
We observe that this lemma makes sense under the assumption that an+2 /∈ {1, 2}.
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βn(i) =
|(−qn − (an+2 − i)qn+1, 0)|
|[−qn − (an+2 − i)qn+1, 0)|
and
γn(i) =
|[−qn − (an+2 − i)qn+1, 0)|
|(−qn − (an+2 − (i+ 1))qn+1, 0)|
and we prove the following lemma:
Lemma 3.6. There exists a constant K > 0, such that for all i ∈ {1, . . . , an+2 − 2}, we
have:
(βn(i))
ℓ ≥ Kβn(i+ 1).
We observe that this lemma makes sense under the assumption that an+2 /∈ {1, 2}.
Proof. We apply f to the intervals defining βn(i) and we obtain, for large n,
βn(i)
ℓ =
|(−qn − (an+2 − i)qn+1 + 1, 1)|
|[−qn − (an+2 − i)qn+1 + 1, 1)| .
For all i ∈ {1, . . . , an+2 − 2} we apply Proposition 1 to
- T = [−qn − qn+1 + 1,−qn+1 + 1],
- J = (−qn − qn+1 + 1,−qn+1 + 1),
- f qn+1−1.
We notice that the hypotheses are satisfied:
- f qn+1−1 is a diffeomorphism on T ,
- the intervals f j(J) for j ∈ {1, . . . , qn+1 − 2} are disjoint,
- by Proposition 2, for n large enough, there exists a positive constant K1 such that∣∣f qn+1−1(J)∣∣ = ∣∣(−qn, 0)∣∣ ≤ K1 ∣∣−qn∣∣ = K1 dist(f qn+1−1(J), ∂f qn+1−1(T )).
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- by Proposition 2, for n large enough, there exists a positive constant K1 such that∣∣f qn+1−1(J)∣∣ = ∣∣(−qn, 0)∣∣ ≤ K1 ∣∣−qn∣∣ = K1 dist(f qn+1−1(J), ∂f qn+1−1(T )).
Then we find a u iform constant K2 > 0 such that:
βn(i)
` =
|(−qn − (an+2 − i)qn+1 + 1, 1)|
|[−qn − (an+2 − i)qn+1 + 1, 1)| (3.7)
≥ K2
|(−qn − (an+2 − (i+ 1))qn+1, qn+1)|
|[−qn − (an+2 − (i+ 1))qn+1, qn+1)| . (3.8)
Since the numerator of (3.8) contains the interval (2qn+1, qn+1), for Lemma 3.1 we can
conclude that (βn(i))
` is greater than a positive constant multiplied by βn(i+ 1).
Lemma 3.9. There exist two constant K1 > 0 and K2 > 0 such that:
1. for all 0 ≤ i ≤ an+2 − 2, (γn(i))` ≥ K1γn(i+ 1),
10
2. γn(an+2 − 1) ≥ K2.
Proof. In order to prove point (2) it is sufficient to observe that:
γn(an+2 − 1) =
|[−qn − qn+1, 0)|
|(−qn, 0)|
which is greater than a positive uniform constant (see Proposition 2).
In order to prove point (1) we first apply f to intervals defining γn(i) and then
Proposition 1 to
- T = [−qn − qn+1 + 1,−qn+1 + 1],
- J = (−qn − qn+1 + 1,−qn+1 + 1),
- f qn+1−1.
Like in Lemma 3.6, the hypotheses are satisfied, so there exists a constant K1 > 0 such
that, for all i, (γn(i))
` ≥ K1γn(i+ 1).
In the following, in order to simplify notation, we note βn = βn(an+2 − 1) and γn =
γn(an+2 − 1).
3.2 The Central Part of the Proof
We recall that
τn =
|(0, qn)|
|(0, qn−2)| ,
αn =
|(−qn, 0)|
|[−qn, 0)|
and we introduce a new parameter which measures the relative size of αn and τn,
kn =
|(0, qn)|
|(0,−qn−1)| .
Remark 3.10. We recall that the point qn−2 is situated in the gap between −qn−1 and
−qn−1 + qn−2 of the dynamical partition Pn−2.
Then, by Proposition 2, there exists a constant K > 0 such that
kn ≥ τn
αn−1
≥ Kkn.
Finally, τn
αn−1
and kn are comparable.
To complete the proof of the second claim of Theorem 1.2 it is necessary to find a
bound for the sequence (αn)n∈N and (kn)n∈N. For this reason we prove the following
propositions.
Proposition 3. There exists a positive constant K such that, for n large enough
kn ≥ Kβ
(
1−`−an+1−1
1−`−1
)
n−1 .
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Proof. By Proposition 2 there exists a uniform constant K1 > 0 such that
kn ≥ K1
|(0,−qn−1 − (an+1 − 1)qn)|
|(0,−qn−1)| . (3.11)
For all i ∈ {1, . . . , an+1 − 1} and for all j ∈ {2, . . . , an+1 − 2}, we multiply and divide
alternatively by |(0,−qn−1 − (an+1 − i)qn]| and by
|(0,−qn−1 − (an+1 − j)qn)| to obtain that:
kn ≥ K1βn−1(1)γn−1(2)βn−1(2) . . . γn−1(an+1 − 2)βn−1(an+1 − 1)
|(0,−qn−1 − qn]|
|(0,−qn−1)| .
By Proposition 2, there exists a positive constant K2 such that
|(0,−qn−1 − qn]|
|(0,−qn−1)| > K2.
We apply Lemma 3.6, Lemma 3.9 and we have:
kn ≥ K3βn−1β
1
`
n−1 . . . β
(
1
`
an+1−2
)
n−1 = K3β
(
1−`−an+1+1
1−`−1
)
n−1 . (3.12)
where K3 is a positive constant.
It remains to study the case an+1 = 1 and an+1 = 2 for which we can’t use Lemma 3.6.
We assume that an+1 = 1. In this case the gap on the right of −qn+1 is (−qn+1,−qn−1)
and then by Proposition 2 there exists K4 > 0 such that kn ≥ K4.
We find the same inequality that (3.12) in the specific case an+1 = 1.
If an+1 = 2 we proceed like in the general case up to obtain (like in (3.11)) that:
kn ≥ K1
|(0,−qn−1 − qn)|
|(0,−qn−1)|
which by Proposition 2 is greater than a uniform positive constant multiplied by βn−1.
The proof of the proposition is then complete.
Proposition 4. There exists a constant K > 0 such that, for n large enough
αn ≥ Kβ
`
(
1−`−an+1
`−1
)
n−1 β
`−an+1
n−2 .
Proof. If n is large enough, (αn)
` is equal to the fraction
|(−qn + 1, 1)|
|[−qn + 1, 1)|
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which is greater than the product of the followings three fractions:
ξ1 =
|(−qn + 1, 1)|
|(−qn + 1,−qn−1 − qn + 1)| ,
ξ2 =
|(−qn + 1,−qn−1 − qn + 1)|
|(−qn + 1,−qn−1 + 1)| ,
ξ3 =
|(−qn + 1,−qn−1 + 1)|
|[−qn + 1,−qn−1 + 1)| .
We focus on each fraction separately.
1st step. We prove that ξ1 ≥ K1β
(
1−`−an+1−1
1−`−1
)
n−1 .
We apply Proposition 1 to
- T = [−qn + 1,−qn − qn−1 + 1],
- J = (−qn + 1,−qn − qn−1 + 1),
- f qn−1.
Like in the previous lemmas the hypothesis are satisfied, so there exists a positive
constant C1 such that:
ξ1 ≥ C1
|(0, qn)|
|(0,−qn−1)| . (3.13)
We now apply Proposition 3 and we find the wanted estimate.
2nd step. We prove that ξ2 ≥ K2β`n−1
By Proposition 2 and Lemma 3.4 we have two positives constants C2 and C3 such
that
ξ2 ≥ C2
|(1,−qn−1 − qn + 1)|
|(−qn + 1,−qn−1 − qn + 1]| ≥ C2C3
|(1,−qn−1 − qn + 1)|
|(1,−qn−1 − qn + 1]| (3.14)
and this last fraction is exactly β`n−1.
3rd step. We prove that ξ3 ≥ K3β`−an+2n−2 .
We apply Lemma 3.6 and Proposition 1 to
- T = [−qn−2 − qn−1 + 1,−qn−1 + 1],
- J = (−qn−2 − qn−1 + 1,−qn−1 + 1),
- f qn−1−1.
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and we find, under the assumption that an /∈ {1, 2}, two positive constants C4 > 0
and C5 > 0 such that:
ξ3 ≥ C4
|(−qn + qn−1, 0)|
|[−qn + qn−1, 0)| ≥ C4βn−2(1) ≥ C4C5β
`−an+2
n−2 . (3.15)
If an = 1, we obtain exactly the same estimate, in fact, in this case −qn + 1 =
−qn−2 − qn−1 + 1 and by Lemma 3.4 there exists a constant C6 > 0 such that
ξ3 ≥ C6β`n−2.
If an = 2, we proceed like the general case until the first inequality (3.15). Now it
is sufficient to observe that, in this case,
|(−qn + qn−1, 0)|
|[−qn + qn−1, 0)| = βn−2.
Finally, using the estimates obtained for ξ1, ξ2 and ξ3 we have
α`n ≥ Kβ
(
1−`−an+1+1
1−`−1
)
n−1 β
`
n−1β
`−an+2
n−2
therefore
αn ≥ K 1`β
`
(
1−`−an+1
`−1
)
n−1 β
`−an+1
n−2 .
By Remark 3.10, Proposition 3 and Proposition 4, in order to find a lower bound for
τn, it is necessary to study the sequence βn. Hence the following propositions:
Proposition 5. There exists a positive constant K such that, for n large enough
βn ≥ Kβ
1
`
n−1α
1
`
n
Proof. We start by applying Proposition 1 to
- T = [−qn + 1,−qn−1 − qn + 1],
- J = (−qn + 1,−qn−1 − qn + 1),
- f qn−1.
Then, for n large enough, there exists a constant C1 > 0 such that
β`n =
|(−qn − qn+1 + 1, 1)|
|[−qn − qn+1 + 1, 1)| ≥ C1
|(−qn+1, qn)|
|[−qn+1, qn)| .
Multiplying and dividing by |(−qn+1,−qn+1 + qn)|, we find that β`n is greater than (up
to a constant) the product of the following two quantities:
η1 =
|(−qn+1, qn)|
|(−qn+1,−qn+1 + qn)| , η2 =
|(−qn+1,−qn+1 + qn)|
|[−qn+1, qn)| .
We focus our attention on these two quantities.
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1st step. We prove that η1 ≥ K1.
We use Proposition 1 with
- T = [−qn+1,−qn+1 + qn],
- J = (−qn+1,−qn+1 + qn),
- f qn+1−qn
and we find a constant C2 > 0 such that
η1 ≥ C2
|(−qn, qn+1)|
|(−qn, 0)| ≥ C2
|(−qn,−qn − qn+1]|
|(−qn, 0)|
≥ C2C3
|−qn − qn+1|
|[−qn − qn+1, 0)| ≥ C2C3C4.
We observe that C3 comes from Proposition 2 and C4 from Lemma 3.2.
2nd step. We show that η2 ≥ K2βn−1αn.
By Lemma 3.1 there exists a constant C5 > 0 such that:
η2 ≥ C5
|(−qn+1,−qn+1 + qn)|
|(−qn+1,−qn+1 + qn]|
≥ C5
|(−qn+1,−qn+1 + qn)|
|(−qn+1,−qn+1 + qn]|
|(−qn+1 + qn,−qn+1 + 2qn]|
|[−qn+1 + qn,−qn+1 + 2qn]| .
After (an+1−2)qn iterates, by the properties of distortion of cross-ratio Cr we have
that:
η2 ≥ C6βn−1
|(−qn−1 − 2qn,−qn−1 − qn)|
|(0,−qn−1 − qn)|
≥ C6βn−1
|−qn|
|[−qn,−qn−1 − 2qn]|
|(−qn−1 − 2qn,−qn−1 − qn)|
|(−qn,−qn−1 − qn)| .
Applying the properties of distortion of cross-ratio Cr after qn iterates and by
Lemma 3.2 and Proposition 2 we find that, for n large enough:
η2 ≥ C7βn−1
|(−qn−1 − qn,−qn−1)|
|−qn−1 − qn| ≥ C7βn−1
|(−qn−1 − qn,−qn−1)|
|[−qn−1 − qn,−qn−1)| .
It remains to find a bound for
|(−qn−1−qn,−qn−1)|
|[−qn−1−qn,−qn−1)| . First we apply Fact 2.4 and Propo-
sition 1 to
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- T = [−qn−1 − qn−2 + 1,−qn−1 + 1],
- J = (−qn−1 − qn−2 + 1,−qn−1 + 1),
- f qn−1−1.
to get two constants C8 > 0 and C9 > 0 such that:
|(−qn−1 − qn,−qn−1)|
|[−qn−1 − qn,−qn−1)| ≥ C8
|(−qn−1 − qn + 1,−qn−1 + 1)|
|[−qn−1 − qn + 1,−qn−1 + 1)|
≥ C9
|(−qn, 0)|
|[−qn, 0)| ≥ C9αn.
In order to conclude the proof, it is sufficient put together the bounds found for η1 and
η2.
Propositions 4 and 5 give us the following important inequality:
Theorem 3.16. There exists a positive constant K such that, for n large enough
βn ≥ Kβ
(
1
`
+ 1−`
−an+1
`−1
)
n−1 β
`−an
n−2 .
To complete the proof of the second claim of Theorem 1.2, by Remark 3.10, Propo-
sition 3 and Proposition 4 it is sufficient to prove that the sequence (βn)n∈N is bounded
away from zero for ` ≥ 3. It remains to analyze the recurrence of the sequence (βn)n∈N.
Analysis of the Recurrence. We define for all n ∈ N the quantity
νn = − ln βn
Theorem 3.16 implies that there exists a constant K1 > 0 such that:
νn −
(
1
`
+
1− `−an+1
`− 1
)
νn−1 − `−anνn−2 ≤ K1. (3.17)
We prove that the sequence (νn)n∈N is bounded. In order to do this we start to consider
the sequence of vectors (vn)n∈N:
vn =
(
νn
νn−1
)
,
the sequence of matrices (A`(n))n∈N:
A`(n) =
(
1
`
+ 1−`
−an+1
`−1 `
−an
1 0
)
and the vector
k =
(
K1
0
)
.
Now we can write (3.17) in the form
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vn ≤ A`(n)A`(n− 1) . . . A`(2)v1 +
(
n−1∑
i=2
A`(n− 1)A`(n− 2) . . . A`(i)
)
k (3.18)
where the inequality must be read component-wise.
To prove that the sequence (vn)n∈N is bounded and then prove the second claim of
Theorem 1.2, it is necessary to study for all n ∈ N and 2 ≤ i < n each product,
n∏
j=i
A`(j)
In particular we will estimate ‖∏nj=iA`(j)‖∞.
Remark 3.19. Recall that if A = (ai,j)1≤i,j≤n is a matrix, then
‖A‖∞ = max
1≤i≤n
∑
1≤j≤n
|ai,j|
is an operator norm. We observe in fact that
‖A‖∞ = max
v∈Rn\{0}
‖Av‖∞
‖v‖∞
where ‖v‖∞ = max1≤i≤n |vi| if v = (v1, . . . vn).
Moreover if A = (ai,j)1≤i,j≤n and B = (bi,j)1≤i,j≤n and for all (i, j) ∈ {1, . . . , n}2, aij ≤
bij, we use the shortcut notation A ≤ B. In this case we have that ‖A‖∞ ≤ ‖B‖∞.
We fix now n and i such that 2 ≤ i < n, and for all i ≤ j ≤ n we denote bj = `−aj+1 ,
hence
A`(j) =
(
1
`
+
1−bj
`−1 bj−1
1 0
)
.
We observe that the sequence of reals positives numbers (bj)j∈N is bounded by 1/`.
We fix an integer M > 1. Then for all j ∈ {i, n− 1} we can have three different cases:
1. aj+1 < M and aj < M ,
2. aj+1 ≥M ,
3. aj ≥M .
In the first case we denote B := A`(j), in the second one U1 := A`(j) and in the third
one U2 := A`(j) .
We observe that, by point (1) we cannot find products of the type BU1B or BU2B ,
because the two matrices B affect the central matrix.
We fix now ` ≥ 3, j ∈ {i, n− 1} and we consider the different combinations of matri-
ces B, U1 and U2 which we can have.
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• We start by considering a product of matrices of type BBB · · ·BB.
We observe that if aj+1 < M and aj < M then by estimations in [5]
B = A`(j) =
(1−bj
`−1 bj−1
1 0
)
Since ` ≥ 3, bj−1 ≤ 13 and bj < 1, then:
B ≤
(
1
2
1
3
1 0
)
Calculating the spectral radius of W =
(
1
2
1
3
1 0
)
, we find that it is ρ(W ) < 1, then
there exists 0 < λ1 < 1, and C > 0 such that
‖W n‖∞ < Cλn1
In particular, limn→∞ ‖W n‖∞ = 0.
In conclusion, if we consider a product of length s of type BBB · · ·BBB, then
there exists 0 < λ1 < 1 and C1 > 0 such that
‖Bs‖∞ ≤ C1λs1. (3.20)
• We study now the product of matrices of type Ui1 · · ·Uis−1U2 with i1, . . . , is−1 ∈
{1, 2}.
We observe that if aj ≥M , then there exists  > 0 such that
U2 = A`(j) ≤
(
1
`
+
1−bj
`−1 
1 0
)
≤
(
1
3
+
1−bj
2

1 0
)
. (3.21)
We continue to work in the limit case supposing that  = 0 and studying the
different possibilities of length two (recall always that ` ≥ 3 and 0 < bj ≤ 13 ).
– If aj ≥M and aj+2 ≥M , then
U1U2 ≤
(
1
`
+
1−bj+1
`−1 bj
1 0
)
U2 ≤
(
5
6
bj
1 0
)(
1
3
+
1−bj
2
0
1 0
)
=
(
25
36
+ 7
12
bj 0
5
6
− bj
2
0
)
≤
(
32
36
0
5
6
0
)
≤ 8
9
(
1 0
1 0
)
.
In particular
‖U1U2‖∞ ≤ 8
9
. (3.22)
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– If aj ≥M and aj+1 ≥M then:
U2U2 ≤
(
5
6
0
1 0
)(
5
6
0
1 0
)
=
(
25
36
0
5
6
0
)
=
5
6
U2,
‖U2U2‖∞ ≤ 5
6
(3.23)
We consider now the product of smatrices of the form Ui1 · · ·Uis−1U2 with i1, . . . , is−1 ∈
{1, 2}. We observe that we can find at most s
2
for s even ( s−1
2
for s odd) couples of
the type U1U2 and U2U2. What remains is some isolated U2 which has norm equal
to 1 (we observe that we can’t have some isolated U1 because of U1U1 = U2U1) .
So, by (3.22) and (3.23) there exists 0 < λ2 < 1 such that, if s is even
‖Ui1 · · ·Uis−1U2‖∞ ≤ (λ2)
s
2 (3.24)
and if s is odd
‖Ui1 · · ·Uis−1U2‖∞ ≤ (λ2)
s−1
2 (3.25)
• We consider now the case of a product of n1 matrices
A`(jn1)A`(jn1−1) · · ·A`(j1) such that aj1 , ajn1+1 ≥M and aj2 , aj3 , . . . , ajn1 < M (we
are considering products of the type U1BB · · ·BBU2 ) Under these hypotheses, in
the limit case we have that
U2 = A`(j1) ≤
(
5
6
0
1 0
)
,
U1 = A`(jn1) ≤
(
5
6
1
3
1 0
)
and for all k ∈ {2, n1 − 1}
B = A`(jk) ≤
(
1
2
1
3
.
1 0
)
We assume that n1 is even and n1 > 2. We have that:
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U1B . . . . . . BU2 ≤
(
5
6
1
3
1 0
)(
1
2
1
3
1 0
)n1−4(1
2
1
3
1 0
)2(5
6
0
1 0
)
≤ 5
6
(
5
6
1
3
1 0
)(
1
2
1
3
1 0
)n1−4(1
2
1
3
1 0
)(
1 0
1 0
)
≤ 5
6
(
5
6
1
3
1 0
)(
1
2
1
3
1 0
)n1−4(5
6
0
1 0
)
≤
(
5
6
)n1−2
2
(
5
6
1
3
1 0
)(
5
6
0
1 0
)
≤
(
5
6
)n1−2
2
(
37
36
0
1 0
)
≤ 37
36
5
6
(
5
6
)n1−4
2
(
1 0
1 0
)
≤
(
8
9
)n1−2
2
(
1 0
1 0
)
.
We assume now that n1 is odd, n1 ≥ 3, then:
U1B . . . . . . BU2 ≤
(
5
6
1
3
1 0
)(
1
2
1
3
1 0
)(
1
2
1
3
1 0
)n1−3(5
6
0
1 0
)
≤
(
5
6
)n1−3
2
(
5
6
1
3
1 0
)(
1
2
1
3
1 0
)(
5
6
0
1 0
)
≤
(
5
6
)n1−1
2
(
5
6
1
3
1 0
)(
1 0
1 0
)
≤ 7
6
5
6
(
5
6
)n1−3
2
(
1 0
1 0
)
≤
(
35
36
)n1−1
2
(
1 0
1 0
)
.
So we can conclude that for each sequence of n1 matrices U1B . . . BU2, there exists
0 < λ3 < 1 such that
‖U1BB · · ·BBU2‖∞ ≤ λ
n1−2
2
3 . (3.26)
After these first observations, we fix n ∈ N, and 2 ≤ i ≤ n − 1 and we estimate the
following quantity: ∥∥∥∥∥
n∏
j=i
A`(j)
∥∥∥∥∥
∞
.
20
Lemma 3.27. Let n ∈ N, 2 ≤ i ≤ n− 1 and A := ∏nj=iA`(j).
Then there exists a constant s > 0 such that for each term A`(k) ◦ · · · ◦A`(k− s) of A of
length s,
‖A`(k) . . . A`(k − s)‖∞ ≤ ω
with ω ∈ (0, 1).
Proof. We consider a term A`(kr) ◦ · · · ◦ A`(k1) of A.
• If for all k1 < j < kr A`(j) = B, then by (3.20) there exist two constants C > 0
and λ1 ∈ (0, 1) such that:
‖A`(kr) . . . A`(k1)‖∞ ≤ Cλr1.
We observe that we have the same estimation for a sequence of the type U1B . . . B︸ ︷︷ ︸
r
U2.
• If A`(kr) ◦ · · · ◦ A`(k1) is composed first of a sequence of the type B · · ·BU2, then
of sequences of the type U1B · · ·BU2 or U{1,2} · · ·U2 and lastly of a sequence of the
type U1B · · ·B, then by (3.20), (3.24), (3.25) and (3.26) there exists C > 0 and
λ2 ∈ (0, 1) such that ‖BB · · ·BB︸ ︷︷ ︸
n1
U2 · · ·︸︷︷︸
n2
· · · · · ·︸︷︷︸
nk
U1BB · · ·BB︸ ︷︷ ︸
nk+1
‖∞ is less or equal
than
Cλn12 λ
n2
2 · · ·λnk2 Cλnk+12 = C2λn1+n2+···+nk+nk+12 = C2λr˜2.
We denote now λ = max{λ1, λ2} and s > 0 such that max{Cλs, C2λs} < ω < 1.
Finally, by Lemma 3.27 there exist s > 0 and ω ∈ (0, 1) such that, if ∏nj=iA`(j)
contains k terms of length s, then:∥∥∥∥∥
n∏
j=i
A`(j)
∥∥∥∥∥
∞
≤ Cωk (3.28)
with the constant C > 0 which is the upper bound for the last term of length n−i−ks+1.
We observe that the estimations found are valid in the limit case, we have in fact used
the hypothesis that  = 0 (see (3.21)). In the general case, we can use the continuity of
the norm ‖·‖∞ as a function of  in order to have the same type of estimation as in (3.28).
In conclusion, by inequality (3.18), the sequence νn = − log βn is bounded and by
Remark 3.10 and Propositions 3 and 4, the proof of the second claim of Theorem 1.2 is
complete.
4 Proof of Theorem 1.3
4.1 Basic Definitions and Facts about Cherry flows
In this section we provide some definitions and properties concerning Cherry flows. We
will state them in a compact form. More comments and details can be found in Chapter
4 of [12].
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Definition 4.1. A Cherry flow is a C∞ flow on the torus T2 without closed trajectories
which has exactly two singularities, a sink and a saddle, both hyperbolic.
The first example of such a flow was given by Cherry in 1938, see [2].
Proposition 6. Let X be a Cherry flow and let Sing(X) be the set of the singularities
of X. There exists a closed C∞ curve, C on T2 \ Sing(X) with the following properties:
• C is everywhere transversal to the flow;
• C is not retractable to a point.
Fact 4.2. Every Cherry flow admits a Poincare` section that can be identified with the
unit circle S1.
Fact 4.3. Let X be a Cherry flow with Poincare` section S1. The first return function f
to S1 belongs to our class L with flat interval U which is composed by all points of S1
which are attracted by the singularities. Moreover if λ1 > 0 > λ2 are the two eigenvalues
of the saddle point, then f has critical exponent ` = |λ2|
λ1
.
Definition 4.4. Let γ be a non-trivial recurrent trajectory. Then the closure γ of γ is
called a quasi-minimal set.
Fact 4.5. Every Cherry field has only one quasi-minimal set, which is locally homeomor-
phic to the Cartesian product of a Cantor set Ω and a segment I. Moreover Ω is equal
to the non-wandering set4 of the first return function f that is Ω = S1 \ ∪∞i=0f−i(U).
By Fact 4.5, Fact 4.3 and the product formula for the Hausdorff dimension, in order to
prove Theorem 1.3 we need to calculate the Hausdorff dimension of Ω 5. More precisely
we need the following result:
Theorem 4.6. Let f be a function in L with critical exponent ` ≥ 3, then the non-
wandering set Ω has Hausdorff dimension strictly greater than zero.
4.2 Proof of Theorem 4.6
Theorem 4.6 is a generalization of Theorem 1.5 in [10] for functions in L with any
rotation number. The proof is now much more simplified.
Standing assumptions. In this section we always deal with functions in L with
critical exponent ` ≥ 3. Moreover we will often use the structure of the dynamical
partitions Pn of the circle explained in Subsection 2.2. Because of the symmetry of the
functions in L we will always assume that n ∈ N is even. The case n ∈ N being odd is
completely analogous.
Proposition 7. Every long gap of Pn−1 is comparable with the first and the last gap of
Pn which appear in its subdivision.
4the set of the points x such that for any open neighborhood V 3 x there exists an integer n > 0 such
that the intersection of V and fn(V ) is non-empty.
5For more details the reader can refer to the proof of Theorem 1.6 in [10]. The procedure is exactly
the same.
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Proof. Let In0 and I
n
1 be the first and the last gap of the subdivision of a long gap I
n−1
of the partition Pn−1. Without loss of generality we may assume that
In−1 = (0,−qn−1),
In0 = (0,−qn+1),
and
In1 = (−qn−1 − qn,−qn−1).
For the first gap In0 , the proof is easy and comes directly from the second claim of
Theorem 1.2, in fact
|(0,−qn+1)|
|(0,−qn−1)| = τn+1.
For In1 , we apply Fact 2.4 and we find a constant C1 > 0 such that
|In1 |
|In−1| ≥ C1
|(−qn−1 − qn + 1,−qn−1 + 1)|
|(1,−qn−1 + 1)|
Apply now Proposition 1 to
- T = [−qn−2 − qn−1 + 1,−qn−1 + 1],
- J = (−qn−2 − qn−1 + 1,−qn−1 + 1),
- f qn−1−1.
and we get a positive constant C2 such that
|In1 |
|In−1| ≥ C1C2
|(−qn, 0)|
|(qn−1, 0)| .
Finally by Proposition 2 and by the second claim of Theorem 1.2 we find two constants
C3 > 0 and C4 > 0 such that
|In1 |
|In−1| ≥ C1C2C3
|(−qn, 0)|
|[−qn, 0)| ≥ C1C2C3C4.
Proof of Theorem 4.6.
Proof. By Subsection 2.2 we know that the dynamical partition Pn contains two types
of gaps: short and long. We define {Gn}n≥1 a sequence of subsets of Pn (i.e. Gn ⊂Pn)
using induction. Initialise by putting in P1 a long gap of G1. Any short gap of Pn−1
contained in Gn−1 is put into Gn (now it is a long gap ofPn). For a long gap In−1i ∈Pn−1
belonging to Gn−1 we recall that it is split into a set of gaps of Pn. The left-most, In+1i ,
and right-most, Ini+qn−1+qn , enter Gn. The former is a short gap of Pn and the latter is a
long one.
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Following this we construct inductively a sequence of probability measures {µn}n≥1
on (S1,An), where An is the algebra generated by Gn. We put µ1(I) = 1 for I ∈ G1. For
the gaps appearing in division of In−1i (which is the long gap of Pn−1) we set
µn(I
n+1
i ) = µn(I
n
i+qn−1+qn) =
µn−1(In−1i )
2
. (4.7)
The measure of the short gaps remains unchanged. By the construction µn restricted to
An−1 coincides with µn−1, thus, by Carathe´odory’s theorem, there exists a probability
measure µ on (S1, σ(A1,A2, ..)) extending {µn}n≥1. One easily checks that µ is supported
by K = ∩n∈N ∪Ini ∈Gn Ini ⊂ Ω. Moreover, we have µ (Ini ) ≤ 12
n
2 for any Ini ∈ Gn and also
by Proposition 7 and Corollary 2.5, λn1 ≤ |Ini | ≤ λn2 for two constants λ1, λ2 ∈ (0, 1).
Therefore,
µ (Ini ) ≤ |Ini |α (4.8)
with α = logλ1
1√
2
> 0.
Let I be an arbitrary interval and let Ini be an element of Gn contained in I with n
as small as possible. Then I is covered by at most two elements of Gn−1, In−1j and I
n−1
j′
and by a set of µ-measure zero (since it is contained in S1 \K). By (4.7), Proposition 7
and (4.8) the following is true:
µ (I) ≤ µ (In−1j )+ µ (In−1j′ ) ≤ C1µ (In−1j ) ≤ C2µ (Ini ) ≤ C2 |Ini |α ≤ C2 |I|α . (4.9)
Finally, let K be an -cover of the set K. By inequality (4.9),∑
I∈K
|I|α ≥ 1
C2
∑
I∈K
µ (I) ≥ 1
C2
µ (K) =
1
C2
.
Finally, the Hausdorff dimension of K, and thus also the one of Ω, is strictly bigger than
zero.
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5 Appendix
In the following we prove the first claim of Theorem 1.2. The proof is a generalization of
Theorem A.2 and Lemma A.12 in [10] to the case of functions in L with any rotation
number.
In this section we will always work with the following sequence:
αn =
|(−qn, 0)|
|[−qn, 0)| .
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Since ∀n ∈ N, αn > τn, we shall prove the first claim of Theorem 1.2 for the sequence
(αn)n∈N.
Let
σn =
|(0, qn)|
|(0, qn−1)|
and
sn =
|[−qn−2, 0]|
|0| .
We have the following Theorem:
Theorem 5.1. There exists a natural number N ∈ N, such that for n > N we have the
following inequality:
(αn)
` ≤
an−1∏
i=0
Ki,nCnM˜n(l)α
2
n−2 (5.2)
where for all i ∈ {0, . . . , an − 1}, if we denote:
τi,n = max
j∈{0,...,qn−1−2}
|f j((iqn−1 + 1,−qn−1 + 1])|
and
ρn = max
j∈{0,...,qn−2−2}
|f j((anqn−1 + 1, 1])|,
then
Ki,n = e
σ(τi,n)
∑qn−1−2
j=0 |fj(−qn+iqn−1+1)|, (5.3)
Cn = e
σ(ρn)
∑qn−2−2
j=0 |fj(−qn−2+1)|
and
M˜n(l) = s
2
n−1 ·
2
l
·
 1
1 +
√
1− 2(l−1)
l
Cnsn−1αn−1
 · 1
1− αn−2 ·
σn
σn−2
.
Proof. The proof is exactly the same of Theorem A.2 in [10] (pag. 150). In fact, the
author doesn’t use any assumption on the rotation number.
We prove now the convergence of the sequence (αn)n∈N.
In [10] (see Lemma A.12 and continuation, pag. 153-154), without any assumption
on the rotation number, the author proves that
∏n
m=0Cm converges and that
∏n
m=0 M˜m
tends to zero. It remains to study the convergence of the product
n∏
m=0
am−1∏
i=0
Ki,m
which is assured by the following Lemma:
Lemma 5.4. There exists 0 < λ < 1 such that, for all i ∈ {0, . . . , an − 1} and for m big
enough,
am−1∏
i=0
Ki,m ≤ eσ(λm−3)λm−2 .
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Proof. By the order of the preimages of the flat interval on the circle (see Subsection 2.2)
and the definition of Ki,m (see 5.3 ) we can observe that:
1. each interval f j((iqm−1 + 1,−qm−1 + 1]) is contained in a gap of the partitionPm−3,
2. for all i,
∑qm−1−2
j=0 |f j(−qm + iqm−1 + 1)| is contained in a gap of Pm−1 and each of
the two sums
∑qm−1−2
j=0 |f j(−qm + iqm−1 + 1)|
and
∑qm−1−2
j=0 |f j(−qm + i′qm−1 + 1)| is disjoint. Moreover the total sum∑am−1
i=0
∑qm−1−2
j=0 |f j(−qm + iqm−1 + 1)| is contained in a gap of the partition Pm−2.
Since the lengths of the gaps of the partition Pm tend to zero at least exponentially fast
by Corollary 2.5, then there exists 0 < λ < 1 such that, for m big enough,
σ
(
max
j∈{0,...,qm−1−2}
|f j((iqm−1 + 1,−qm−1 + 1])|
)
< σ(λm−3)
and
am−1∑
i=0
qm−1−2∑
j=0
|f j(−qm + iqm−1 + 1)| < λm−2.
Finally
∏am−1
i=0 Ki,m is equal to
exp
(
am−1∑
i=0
σ
(
max
j∈{0,...,qm−1−2}
|f j((iqm−1 + 1,−qm−1 + 1])|
)
qm−1−2∑
j=0
|f j(−qm + iqm−1 + 1)|
)
which is strictly less than
exp
(
σ(λm−3)λm−2
)
.
In conclusion, for ` ≤ 2 the inequality (5.2) implies that the sequence (αn)n∈N tends to
zero at least exponentially fast. Since αn > τn, we have the same result for the sequence
(τn)n∈N.
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